Introduction
In this paper we consider nonlinear evolution equations of the form
(E) u"(t) + Aiiit) + B(t)u\t) = fit) , 0 ^ t < oo , (u"(t) = dhι(t)/dt\ u\t) == diφ/dt)
, where A and Bit) are (possibly) nonlinear operators. Various examples of equations of type (E) arise in physics; for instance, if Au = -Δu and B(t)ιι' = \u'\v!> the equation represents a classical vibrating membrane with the resistance proportional to the velocity. As to the initial value problems for (E), many authors have established various sufficient conditions on A and B(t) so that there exists a global solution of (E) (see e.g. Barbu [4] , Lions [10] and Tsutsumi [18] ).
As for the asymptotic behavior of solutions of (E), Nakao [14] , [15] has recently obtained interesting results under the appropriate assumptions on A and B(t) in [15] he treats the case when A as well as Bit) depends on t. When fit) tends to zero (in some sense) as t-* oo, he showed that any global solution of (E) satisfying the energy equation satisfies a difference inequality of the form sup Eis) 1+a ^ Cit + iy{Eit) -E(t + 1)} + git) ,
where Eit) denotes the energy associated with such a solution, git) is a nonnegative function tending to zero as t -> oo and a, γ and C are some positive constants. From this inequality he derived the decay property of Eit): if fit) tends to zero in an appropriate sense as t -* oo, then Eit) decays to zero as t -> oo.
The main purpose of the present paper is to discuss the asymptotic behavior of solutions of (E). We put almost the same assumptions on A and Bit) as those of Nakao [15] so that the decay property of (E) holds but, for simplicity of arguments, the case when A depends on t is not treated here. Moreover, we assume that there exists a global solution of (E) which satisfies a certain kind of an energy inequality (see (2.6) ). Then our problem is the following: if fit) tends to zero as t->oo, how fast does the energy E(t) decay to zero as t-^coΊ Our approach to this problem relies on the weighted energy method and is quite different from Nakao's. In order to investigate the rate of the decay of E(t) 9 we introduce a pair of {Git), h(t)} of two monotone increasing functions on [0, oo) which satisfy several conditions (see §2.4). We take G(t) as a weight function of E(t) and take hit) as an auxiliary function of Git). Using this pair {Git), hit)}, we can show sup Git)Eit) < oo .
If the rate of the convergence of fit) to zero is known, we can obtain, with a suitable choice of {Git), hit)}, preciser results on the rate of the decay of Eit) than those of Nakao [14] , [15] .
The content of this paper is as follows. We introduce some notation in §2.1 and give some assumptions on A and Bit) in §2.2. In §2.3 we define a solution of (E) which has the weak conservation property. Main results (Theorems 1,2 and 3) are stated in §2. 4 . §3 is devoted to the proofs of Theorems 1,2 and 3. Finally, in § 4 we apply our results to some nonlinear partial differential equations such as the nonlinear wave equations and the nonlinear beam equations. §2. Assumptions and Results
Preliminaries
We first of all explain some notation which will be used later. Let X be a real Banach space. We denote the norm in Z by | \ Σ and denote the dual space of X by X*. 
we conclude, by dividing both sides of the above inequality by a and letting αJO, that (2.3) holds.
Remark 2.2. We can replace (A.I) with a slightly weaker assumption (A.I) 7 :
(A.I)
for u e 7 ,
where α x > 0, p ^> 2 and 7! is a real Banach space such that VcVΊaW and the inclusion mapping of V λ into PF is continuous.
In what follows, we treat only the case of (A.I) because the arguments in the case of (A.I) 7 are quite similar (see Remark 3.1).
Definitions
Under assumptions (A. 
Jo DEFINITION 2.2. Let w be a solution of (E). Then the energy E(t) is defined by
Moreover, it is called that u has the weak conservation property if, for any positive (^-function ψ on [0, oo), u satisfies
In this paper we are interested in the dacay property of solutions of (E) rather than the existence of solutions of (E). Therefore, in what follows, we always assume the existence of a solution of (E) with the weak conservation property and treat only such a solution.
For the existence of solutions of (E) with the weak conservation property, we refer to Barbu [4] , Brezis [5] , Lions and Strauss [11] , Strauss [17] , Tsutsumi [18] and Yamada [19] (see also §4). 
If (2.7) holds, then (2.6) also holds for any positive C'-f unction ψ on [0, oo). Therefore, any solution of (E) satisfying the energy equation (2.7) has the weak conservation property.
Results
Now we shall investigate the rate of the decay to zero of solutions of (E) when fit) tends to zero as t-> oo. To this end, we employ the weighted energy method. We assume that we can take a pair of two functions Git) and hit) which satisfy the following conditions. When p = q = 2, we replace conditions (GH.4) and (GH.5) with the following conditions (GH. 4) / and (GH.δy.
When β =1 and / = 0, examples of {G, fc} which satisfy the above conditions are given by functions of the form (2.8) {G(ί), fe(ί)} = {t% ct} , α>0, l>c>0, ifp + <?>4,
where α: and c in (2.8) (resp. (2.9)) must be determined so as to satisfy (GH.4) and (GH.5) (resp. (GH.4) 7 and (GH.5)
7
). see also § §3.3 and 3.4. Now we shall state our main theorems. 
where E(t) is the energy defined by (2.5).
Remark 2.4. Let p < q. If it is known that E(t) decays to zero as t-> oo, then the latter condition in (GEL 4) (iii) can be replaced with the weaker one (cf. Remark 3.2).
When β(t) = (t + 1) (-1 ^ θ ^ ? -1) and |/(t)|ir. ~* 0 fast enough, we have the following result on the rate of the decay of E(t). THEOREM 
Let u be a solution of (E) with the weak conservation property. If β(t) = (ί + 1)' with -l<>θ<Lq-l
and \f(t)\ w * = 0(r r ) with γ > (q -1 -θ)/q as t -> oo, then the following results hold.
where δ is a positive number defined by
where a is a positive number such that
where a is a positive number satisfying
n particular, when p -q = 2 and |/(ί)|^* decays to zero exponentially, we have THEOREM 3. Let u be a solution of (E) with the weak conservation property. If p = q = 2, 0(ί) = (ί + 1)' wiίfe -1 < 0 < 1 cmd |/(ί)k = 0 (exp (-pi 1 "" 1 )) wiίfe 7* > 0 as ί -> 00,
where a is a positive number satisfying or ^ 2 r αmZ δC-^L-
Remark 2.5. Recently, Nakao [14] , [15] has studied the asymptotic behavior of solutions of (E) under the similar assumptions to ours. He proved that the energy E(t) satisfies a difference inequality of the form
where C> 0, a> 0, l^^^O and git) is a non-negative function tending to zero as t -* oo. From this inequality he derived the rate of the decay of E(t). However, Theorems 2 and 3 give preciser results than the corresponding ones in [14] , [15] . §3. Proofs of Theorems
In this section we always assume that a pair of functions {G, h} satisfies (GH.1MGH.5) (in case p + q > 4) or (GH.1)-(GH.3), (GH.4)' and (GH.δy (in case p = q = 2). To prove our theorems we employ the weighted energy method. We take G(t) as a weight function of E(t) and take h(t) as an auxiliary function of Git). 
Proof. To prove this lemma, we define functions h t (t) (i = 0,1,2, ) as follows:
h o (t) = t and h t (t) = fe(fe<_i(ί)) for ί such that /^_i(i) > t 0 > z= h(fio) for ί such that h^t) ^ ί 0
Now let T and I" be arbitrary numbers such that T f > T > t Q and fix them. Then, by (GH.2), there exists a positive integer n such that
Since the function t e [T\ oo) π-> h n (t) is continuous and strictly monotone increasing, we can take a number T" (^> TO such that h n (T") = T (note that lim fe n (ί) -oo). Using (GH.1)-(GH.3), we have with the aid of such
On the other hand, (GH.5)(or (GH.5)0 implies Therefore,
Combining ( where E(t) is the energy defined by (2.5).
Proof. We note that u satisfies (2.6). Putting ψ = 1 in (2.6) we have
from which we obtain, by (A.2) and Holder's inequality,
E(t) +^

ί7(s) + IJ s β(r)I%'ίr)|fr cfcj |J^j8(r)-«'/«| f(r)\Udr\
for 0 <^ 5 ^ ί, where q f -q/(q -1). Therefore, using Young's inequality and Lemma 3.2, we see that supί7(ί) < oo.
[Q.E.D.]
Finally we shall prove the following lemma which plays an important role in the proof of Theorem 1. 
s)(B(s)u'(s), u'(s)) w ds + N 2 {G(t)E(t) + G(h{t))E(h{t))} + N 3 for t > T , and sup
G(t) N,-l
Proof. Since u satisfies (2.4), we have, by putting φ = G'u in (2.4),
for every 0 5£ r ^ t. On the other hand, by (2.3),
Consequently, we get
7°(
3.6) 7 + Γ G'(s)(f(s),u(s)) r ds
Jft(ί) Ξ !,(*) + / 2 (t) + /,(t) + / 4 (t) + 7,(t)
for t > U Now we shall estimate each 7 4 (ί) (i = 1, , 5) in terms of |G'^U 1(ft(t) . t) , |G(B( )ΐ* / ,Mθ H rU 1 
(ft(t)>()f σ(ί)^(ί) and G(h(t))E(h(t))
. By virtue of (2.1), (2.2) and (A.I) we have VTcc, f' f 1 G , (8) 
2) and (A.I)). Thus /,(*) = {-G'{t){u\t),u{t)) H + G%Ut))(u'(h(t)),u(h(t))) H } (3.11) ^ Uv)\.{\G{t) \u'(t) \iy< 2 • {G(t)F A (u(tW p
Then, by using (GH.4), (GH.5) (or (GH.4)', (GH.5)') and Young's inequality, we deduce from (3.6)-(3.11) that there exist positive constants C i (i = 1,2,3,4) and T (^ t 0 ) satisfying In this case, Theorem 1 also holds true (see the proof of Theorem 1).
(s)(B(s)u'(s),u'(s)) w ds Jh(t) + C 3 {G(t)E(t) + G(h(t))E(h(t))} +
Proof of Theorem 1
We put
Since, by Lemma 3.4,
we can take a positive number ε 0 such that
Now let u be a solution of (E) with the weak conservation property. Then, setting ψ = G and s -h(t) in (2.6) gives 
G(t)E(t) + f
Jft
G(h(t))E(h(t)) + Γ G'(s)E(s)ds + Γ
G(s)(f(s),u'(s)) w ds ^ &r 1Az Γ {G(s)(δ(s)^(s),^(s)) F }
Jh(t) JhU)
X so we find, by recalling (GH.3), that the right-hand side of the above inequality is bounded by
Jhtt)
Here ε 0 is a positive constant satisfying (3.16) and C 5 is some positive constant. Hence it follows from (3.17) that (3.18)
G(t)E(t) + (1 -ε 0 ) P G(s)(B(s)u'(s), u\s)) w ds
JhU)
GQι{t))EQι(t)) + P G'(s)E(s)ds + C 5
Jh(t)
holds for every ί > t 0 . We shall combine (3.18) with the second inequality in Lemma 3.4; then is monotone non-increasing for some C 6 > 0 (note (3.5)) so that
{1 -2V 2 (1 -e Q )}G(t)E(t) + {N^l -ε Q ) -1} f G'(s)E(s)ds
where we have used (3.15) and (GH.3). Therefore, (3.19) and (3.20) imply that for some C 7
because Nj(l -ε 0 ) -1 > 0 by (3.16) . Hence, by virtue of (3.16) we see that there exist some constants 0 < a < 1 and C 8 > 0 satisfying (3.21)
G(t)E(t) ^ aG(h(t))E(h(t)) + C 8 for t > T .
Finally to conclude the proof of this theorem, we take functions {fet(ί)} defined by (3.2). We recall that, for each t> T, there exists a positive integer n such that h n _ x (t) > T and h n (t) <: T. Then it follows from (3.21) that 
G(t)E(t) ^ a n G(h n (t))E(h n (t)) +
. Let p < q. If it is known that E(t) decays to zero as t-*oo, we can prove Theorem 1 with (GH.4) (iii) replaced by the following weaker condition
In fact, since E(t)-*0 as ί->oo, the constant M 3 in (3.9)' can be taken sufficiently small for t large enough so that for any ε > 0 there exists a sufficiently large T such that https://www.cambridge.org/core/terms. https://doi.org/10.1017/S002776300001833X
holds for all t>T.
Hence we can show that not only Lemma 3.4 but also Theorem 1 holds true.
Remark 3.3. Even if the operator A: V -•* V* depends on t, we can employ the method used here to investigate the rate of the dacay of solutions of (E). However, conditions on {G, h} will become more complicate in this case (cf. Nakao [15] ).
Proof of Theorem 2
Let β(t) = (ί + D' with -1 ^ θ ^ q -1 and let |/(ί)k = 0(ί~0 with γ > (q -1 -θ)/q as £ -> oo. We shall apply Theorem 1 to prove this theorem; we choose a suitable pair {G,h} so that it satisfies (GH.l)-(GH.5) (in case p + q > 4) or (GH.l)-(GH.3),(GH.4y and (GH.5)' (in case p = q = 2).
( i) The case -1 < θ < q -1.
We put Hence, all conditions on {G,h} are verified for every a satisfying (3.23) and (3.24). Thus Theorem 1 assures that there exists a positive number C such that
where a -min {δ, (qγ -q + θ + ΐ)/(q -1}.
(ii) The case θ = q -1. In this case we first put Therefore, it follows from Theorem 1 that there exists a positive constant C such that (3.26) where /> is an arbitrary positive number. In order to obtain preciser results in case p ig q, we make use of Remark 2.4, because E(t) decays to zero as t -* oo (by (3.26) ).
Let p ^ g and take a pair of functions {G, ft} of the form (3.22) with c fixed. Then noting (3.23) and (3.24) we can determine a > 0; all conditions on {G,h} are satisfied when a < μ =Ξ min ] --, -?ϊ-1 if p < q Ig -2 g -li α^ and α < ( £ Consequently, it follows from Theorem 1 that for some positive constant C
where a is a positive number satisfying a < μ and a < -. -^
2)/(1) Thus (3.26) and (3.27) give the desired results.
(iii) The case Θ = -1. We take a pair {G, ft} of the form (3.25) and fix 0 < d < 1. Then, just as in the proof of (ii), we can prove that for some C > 0
where p is an arbitrary positive number. In particular, when q = 2, taking afpair {G, ft} of the form (3.22) we can show that, for some C > 0,
where ar is a positive number such that a ^ min f2( r -1), -^-) and α < ^i. Now we fix α so that it satisfies (3.29) and (3.30). Then it can be shown that the pair {G,h} defined by (3.28) satisfies (GH.5)' if ί 0 (resp. c) is large enough in case θ ^ 0 (resp. θ -0). Therefore, using Theorem 1 we obtain the conclusions of Theorem 3 from (3.29) and (3.30).
[
Q.E.D.] § 4. Applications
In this section we shall apply the preceding results to some nonlinear partial differential equations.
Let Ω be a bounded domain in R (see e.g. Lions [10] or Lions and Strauss [11] ). Furthermore, according to the result of Strauss [17, Theorem 4.1] , the solution u always satisfies the energy equation Hence, applying Theorems 2 and 3 to (4.1), we can obtain the following results (cf. Nakao [15] and Sattinger [16] ). Remark 4.1. When 0 = 0 and f(x,t) tends to a function F(^) as £-> oo, Nakao [12] has investigated the rate of the convergence of u(x,t) to the corresponding steady state solution ΰ(x) (see also [13] ). Our method can also apply to the study of the stability of solutions of (4.1).
Remark 4.2. Levine and Murray [9] has discussed the asymptotic behavior for solutions to semilinear wave equations and obtained their lower bounds. In particular, when q -2, θ = -1 and /= 0 in (4.1) (Euler-Poisson-Darboux equation), they showed that solutions of (4.1) satisfy, for all t sufficiently large and some C > 0 and p > 0,
unless u = 0 (cf. Theorem 4.1 (ii)).
Example 2
We consider the nonlinear equation of the form (for the special case n -1 and 0 = 0, see e.g. Caughey and Ellison [6] , Greenberg [7] and Greenberg, MacCamy and Mizel [8] where E μ (t) = i|^(ί)Br + F A (u μ (t)).
Hence it follows from (4.8) and (4.9) that (4.6) holds for almost every s and t (0 <; s <^ £). Therefore, we may conclude that u, after redefinition on a set of measure zero, satisfies Then, recalling Remark 3.1 we obtain the following results (cf. Ball and Carr [3] ). we can also investigate the decay property of solutions for such problems (which we denote by (4.10)0.
Take H = W = L\Ω) and V = H&Ω). As for the existence of solutions of (4.10)' satisfying the energy equation (4.11), the same results as in the case of hinged ends hold true. (See [1] and [2] .) However, we note that, instead of (4.12), 
